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Abstract

In this paper I develop a formal strategy to distinguish between sentences at risk for paradox
and sentences at risk for ungroundedness; moreover, I show how to distinguish paradoxicality and
ungroundedness from circularity. The formal apparatus relies on a particular elaboration of the
concept of truthmaker, as a result of this, we obtain a better understanding of phenomena that have
so far resisted clarification in the standard literature on paradoxes.

1 Introduction

In this paper I develop a formal strategy to distinguish between sentences at risk for paradox and sentences
at risk for ungroundedness; moreover, I show how to distinguish paradoxicality and ungroundedness from
circularity. The formal apparatus relies on a model theoretical elaboration of the concept of truthmaker,
as a result of this, we obtain a better understanding of phenomena that have so far resisted clarification
in the standard literature on paradoxes.

1.1 Riskiness

Semantic paradoxes may arise in many natural circumstances if the world does not collaborate. Consider
for instance the oldest of them all, Epimenides paradox. Tired of his own people, it is said that the Cretan
prophet Epimenides once said: “Cretans are always liars”. If worldly circumstances are so unfavorable
that all other Cretan statements are false, then (and only then) Epimenides’s statement is true if and
only if it is false.

The example might seem odd to the reader, Epimenides’s assertion may be pragmatically arranged
because what he really tried to express was that all other Cretans are always liars. Kripke [1975] offers
a well known case of riskiness without this pragmatical solution. Suppose Jones is talking about the
Watergate affair, and after saying only truths on the subject he claims:

(1) Most (i.e., a majority) of Nixon’s assertions about Watergate are false.

And suppose again that the world does not collaborate, so that Nixon’s assertions about Watergate are
evenly balanced between the true and the false, except for:

(2) Everything Jones says about the Watergate is true.

Then it is not hard to show that (1) and (2) are paradoxical; there is no way to stably assign truth values
to them.

Kripke was the first to point that riskiness was an essential feature of our use of truth and falsity:

Many, probably most, of our ordinary assertions about truth and falsity are liable, if the
empirical facts are extremely unfavorable, to exhibit paradoxical features.

And he concluded one moral:

The example of (1) points out an important lesson: it would be fruitless to look for intrinsic
criterion that will enable us to sieve out -as meaningless, or ill-formed- those sentences which
lead to paradox.

...
The moral: an adequate theory must allow our statements involving the notion of truth to

be risky : they risk being paradoxical if the empirical facts are extremely (and unexpectedly)
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unfavorable. There can be no syntactic or semantic “sieve” that will winnow out the “bad”
cases while preserving the “good” ones1.

I agree with Kripke in that no account can separate good from bad cases, because empirical or
worldly conditions may vary from case to case. As far as I know, most truth theories focus on dealing
with sentences paradoxical or ungrounded in every circumstance, or sentences paradoxical or ungrounded
given a base model such as the natural numbers2; and no systematic treatment of riskiness has been made.
I am optimistic that we can also give a story about which sentences are risky and why.

The main question I would like to address in this paper is the following:

• Which sentences are at risk for paradox?

Before introducing intuitions on the approach, let me say something about other sort of semantic
pathologies that may arise contingently: ungroundedness and circularity.

1.2 Other semantic pathologies

Ungroundedness is a well known pathology also introduced by Kripke. There is no better way of explain-
ing the concept than quoting his creator:

In general, if a sentence such as (1) asserts that (all, some, most, etc.) of the sentences of
a certain class C are true, its truth value can be ascertained if the truth value of the sentences
in class C are ascertained. If some of these sentences themselves involve the notion of truth,
their truth value in turn must be ascertained by looking at other sentences, and so on. If
ultimately this process terminates in sentences not mentioning the concept of truth, so that
the truth value of the original statement can be ascertained, we call the original sentence
grounded ; otherwise, ungrounded.3

As well as with paradoxicality, we may come across ungroundedness if empirical facts are unfavorable.
Say for instance someone claims:

(3) If the die comes up odd, this sentence is true.

If the dice comes up even, then (3) is true vacuously. If it comes up odd, we have an ungrounded
non-paradoxical sentence.

Since I will offer characterization of sentences at risk for paradox, it seems natural that I should also
give an account of sentences at risk for ungroundedness.

On the other hand, self-referentiality and circularity are rather intuitive notions. Russell was the first
to hypothesize that all paradoxes involved some sort of circularity.

An analysis of the paradoxes to be avoided shows that they all result from a kind of vicious
circle. The vicious circles in question arise from supposing that a collection of objects may
contain members which can only be defined by means of the collection as a whole. 4

Yablo [1999] challenged this idea by presenting a paradox which, he argues, does not involve any form
of circularity. A huge discussion took place regarding its non-circularity and paradoxicality5. Setting
aside the success of Yablo’s claim, one of the merits of his paradox was to show that although we have
many accounts on what self-reference and circularity are, most of them lack intuitive foundation and
there is no universal consensus on which is the best explanation for this phenomena.

Circularity, as ungroundedness and paradoxicality, may emerge if facts are unfavorable. The previous
example about Watergate is a paradigmatic. If Nixon had not claimed (2), Jone’s assertion (1) would
not indirectly refer to itself. An easier example would be:

1Kripke [1975], pg. 691.
2To mention some, McGee [1991], Gupta and Belnap [1993] revision theory of truth, Maudlin [2004], Field [2008],

Horsten [2011] or the axiomatic approaches presented in Halbach [2011].
3Kripke [1975], pg. 693-694.
4Whitehead and Russell 1910, 37.
5See, for example Priest [1997], Sorensen [1998], Hardy [1995], Beall [2001], Leitgeb [2002,2005], Cook [2004,2006], Yablo

[1993,2006] and Urbaniak [2010].
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(a) The sentence below is false.

(b) The sentence above is true.

Had (a) been another sentence, (b) would not have been circular at all.

Circularity and ungroundedness are distinct notions. Consider a formalized version of the previous
sentence (3):

• α := Od→ Trpαq

Everyone would agree this sentence is somehow self-referential; among other things it claims its own
truth. But whenever the die comes up even, the classical kripkean notion of groundedness sets this
sentence as grounded. Most would agree that the self-referentiality in α is due to the fact that a name
for α appears in the sentence. More generally, they would say that the self-reference arises because
the truth conditions for α involve in some way the truth value of α. But consider then the following
β-sequence of sentences:

• β1 = Tpβ2q

β2 = Tpβ3q

β3 = Tpβ4q

β4 = Tpβ5q

...

The truth conditions for any of the βn do not involve the truth value of the very same βn. So prima
facie I would be inclined to say that there is no self-referentiality or circularity involved in any of the
βn, even though they are clearly ungrounded.6

The suggestion I would like to make is that ungroundedness and circularity (or self-referentiality) are
distinct concepts; and if the two previous examples are conceded, they are independent concepts. None
is sufficient nor necessary for the other. But both of them are important to understand the pathology of
sentences, and the possible root for paradox.

The second aim of the paper is to give a unique general framework that can give an account of both
these sort of phenomena at the same time.

1.3 The proposal

The idea behind the approach I want to present is connected with Kripke’s process of grounding.
Say we are dealing with sentence A that asserts that the sentences of a certain class C are true (false).
Kripke starts by asking for the truth value of A. In order to answer that question, he then goes to ask
for the truth value of the sentences in class C; and the process goes on if some of the sentences in C also
involve semantic concepts. If the process eventually ends, then A is grounded; if not, ungrounded.

Say now our aim is not to determine the truth value of a sentence, but to offer a set of truthmakers
(falsemakers) for it. This is, a characterization of the different (sets of) facts that could make the sentence
true (false). I propose to use a similar process, but instead of asking whether A is true or false given
the facts in this world, ask under which circumstances A would be true (or false). Surely A might be
true (false) under many circumstances. Nevertheless, since A claims that the sentences in C are true
(false), any of the previous circumstances require for the sentences in C to fall under the extension
(antiextension) of the truth predicate. We then proceed to ask again which facts are sufficient for the
truth of the sentences in C. But we must keep a record of the different ways in which A could have been
true, and each distinct set of facts sufficient for A’s truth should be explained by means of each distinct
set of facts sufficient for the truth of the sentences in C. The process continues as long as it takes.

6There is a huge discussion whether these sort of sequences are really non-circular. Yablo’s paradox is maybe the main
example, although it has important differences with the β-sequence. Most of the discussion focused on Yablo’s Paradox
may be relevant for the β-sequence. My claim here is that before any technical notion of self-referentiality is introduced
-such as the Diagonal Lemma-, the natural intuition is that the β-sequence is non-circular and any analysis of the notion
of circularity must recover that intuition.
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Let us look at three particular cases.
The first one is “’The snow is white’ is true”. The first step requires for us to ask under which

circumstances this sentence is true. The answer is: Whenever the sentence ’The snow is white’ falls
under the extension of the truth predicate. The second step involves asking which truthmakers for ’The
snow is white’ there are. It seems to have a single truthmaker, the fact of the snow being white. So the
truthmaker for the larger sentence “’The snow is white’ is true”involves both the fact of ’The snow is
white’ falling under the truth predicate and the fact of the snow being white. Since all facts involving
truth were expanded, the process ends.

The second one is the truthteller: “This sentence is true”. For it to be true, that very sentence must
fall under the extension of the truth predicate. Going on with the process would lead us to the very same
place, so in the end what we get is that the truthmaker for the truthteller is the fact of the truthteller
falling under the extension of the truth predicate.

The third case is the risky one: (3) “If the die comes up odd, this sentence is true”. Which facts must
occur for (3) to be true? Either the die coming up even or it falling under the truth predicate. So we get
two distinct truthmakers in the first step. Asking what would make it to fall under the truth predicate
is just be repeating the first question. So in the end (3) has two distinct truthmakers, the fact of the die
coming up even and the fact of (3) falling under the truth predicate. The reason why the sentence is risky
of ungroundedness but not plainly ungrounded is that some but not all of its truthmakers are ungrounded.
On the other hand, what about its circularity? By looking at its truthmakers (and falsemakers) we can
observe that some of them involve (3) itself.

At this point, the most natural question is whether the process settles for all sentences. I will prove
that it does.

Several notions were introduced hastily: fact, truthmaker, falsemaker, etc.. A philosophically rigorous
theory should give some story for those concepts. Furthermore, operations were used that need to be
explained. At last, I mentioned rather quickly how using this process we can identify risky and circular
sentences; so that also requires explanation.

The structure of the paper is as follows. In the next section, I will set up the basic technicalities
and show how we can get model theoretic notions of truthmaking and falsemaking. I will also point
out some relations with Yablo’s [2011] theory of subject matter and Van Fraassen’s [1969] presentation
of truthmaking. Section 3 will be focused on developing a precise account of the process previously
described and prove the main result regarding settlement. Section 4 shows some cases and applications,
in order to connect the formal framework with intuitions. In section 5 I will give a precise answer to the
three main issues of this paper: (a) Which sentences are at risk for paradox? (b) Which sentences are
at risk for ungroundedness? and (c) Which sentences are circular? Section 6 is devoted to discussing
the philosophical picture behind that formal presentation of truthmaking, stating the position of the
approach regarding some of the most important topics of discussion in truthmaking theory.

2 Formalizing truthmaking

The aim of this section is to set up the basic ideas regarding truthmaking that will be useful in order
to present my account on riskiness. The first and most important part of the section involves a formal
presentation of the notions of truthmakers and falsemakers that I will be using in this paper. After that,
I will also mention some connections with other theories such as Van Fraassen [1969] and Yablo [2011].

2.1 Formalizing truthmaking

Let L be a first-order language without a distinguished truth predicate. Take negation, conjunction and
existential quantification as the fundamental logical constants, defining the others by means of them in
the usual way.

Before introducing it precisely, I will assume the reader is familiar with the notion of classical model
M =< D, I > for a first order language. Say ϕ is a sentence in L. The question “under which circum-
stances would ϕ be true/false?” can be paraphrased in a more technical way by:

• In which models is ϕ true/false?

A model can be seen as representing certain basic facts as true and others as false. So to answer which
are the truthmakers for ϕ we could look at the basic facts that turn out to be true and false in a model
that makes ϕ true/fasle.
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A well known requirement for truthmakers and falsemakers is that they must be minimal. No irrele-
vant extras must be involved. But classical models determine not only whether ϕ is true or false, but the
truth value of all other sentences in L. In particular, there may be two models M1 and M2 that assign
the same truth value to ϕ, distinct only because they do not agree in facts not relevant to ϕ. One way
out of this problem is to look at partial models. I will now introduce some basic formalities.

M =< D, I > is a model of L if:

• D is non empty.

• I is such that:

i. I’s domain is the set of non-logical constants of L (i.e. names, functions and predicates of L).

ii. If c is a name of L, I(c) ∈ D.

iii. If f is an n-place function symbol of L, then I(f) is n-adic function from Dn to D.

iv. ∗ M =< D, I > is a classical model if P is a n-place predicate symbol of L (other than
Tr), then I(P ) is a function from Dn to {t, f}.

∗ M =< D, I > is a partial model if P is a n-place predicate symbol of L (other than
Tr), then I(P ) is a function from Dn to {t, n, f}.

• gi are assignments of values to variables, i.e. functions from the set of variables to the domain D.

Let me call CM,g(ϕ) the classical truth value t or f assigned to the formula ϕ relative to the assignment
g and a classical model M .

A partial valuation of L with respect to a model M , V (M), is simply a function from sets of
sentences of L into {t, n, f}.

For the purposes here, a partial valuation can be seen as a subset Q of U = {< ϕ, v >: ϕ is a sentence
of L, v = t or v = f} such that there is no sentence ϕ for which < ϕ, t > and < ϕ, f > is in Q.

A valuation scheme V is a monotonic function from partial models M of L to partial valuations
V (M). To say that it is monotonic means that if M 6 M ′7, then V (M) ⊆ V (M ′).

The most widely employed monotonic valuation schemes are Van Fraassen’s supervaluation scheme
and weak and strong Kleene schemes. I will only mention here strong Kleene and supervaluation schemes.

Strong Kleene Scheme - SK

a. If P is an n-place predicate of L and c1, c2, ..., cn are closed terms of L, then SKM (P (c1c2...cn)) =
t[f ] iff IM (P )(I(c1), I(c2), ..., I(cn)) = t[f ]. If x1, ..., xn are variables and g an assignment, SKM,g(P (x1, ..., xn)) =
t[f ] iff IM (P )(g(x1), ..., g(x1)) = t[f ].

b. SKM (¬ϕ) = t[f ] iff SKM (ϕ) = f [t]

c. SKM (ϕ∧ψ) = t iff both SKM (ϕ) = t and SKM (ψ) = t, and SKM (ϕ∧ψ) = f iff either SKM (ϕ) = f
or SKM (ψ) = f .

d. SKM (∃x(ϕ(x))) = t iff for some variable assignment g, SKM,g(ϕ) = t. SKM (∃x(ϕ(x))) = f iff for
all variable assignment g, SKM,g(ϕ) = f .

e. Nothing is true or false except by virtue of clauses (a)-(d).

Supervaluation Scheme - SV

SVM,g(ϕ) =

 t if CM ′,g(ϕ) = t for every classical M ′ ≥M
f ifCM ′,g(ϕ) = f for every classical M ′ ≥M
n otherwise

I said models can be seen as representing certain basic facts as true and others as false.

7M 6M ′ if for every n-ary predicate symbol P and d ∈ Dn, if IM (P )(d) = t then IM′ (P )(d) = t, and if IM (P )(d) = f
then IM′ (P )(d) = f .
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Consider first a family F of partial models Me =< D, Ie > for L all of which share the same domain
D and interpretation of closed terms, but nothing else.

For each model Me =< D, Ie > we consider e to be the set of basic facts (complexes) it determines
as:

• e = {< RP , o1, ..., on >: Ie(P )(o1, ..., on) = t} ∪ {< R̃P , o1, ..., on >: Ie(P )(o1, ..., on) = f}

Where RP ⊆ Dn and R̃P ⊆ Dn are disjoint relations, not necessarily exhaustive, and (o1, ..., on) is a
member of Dn. It is easy to see that e ⊆ e′ iff Me 6Me′ .

Recall SVMe is the partial valuation that results from applying SV to Me, so that SVMe ={< ϕ, v >:
ϕ is a sentence of L, SVMe

(ϕ) = v} [similarly for SK].

I claimed that to find truthmakers and falsemakers for a sentence ϕ we needed to answer:

• In which models is ϕ true/false?

Let us give this question a formal representation:

• Definitions 1: Sufficiency sets

– Me is sufficient for < ϕ, v > iff < ϕ, v >∈ SVMe
) [or < ϕ, v >∈ SKMe

in strong Kleene].

– The sufficiency sets for < ϕ, v > are ΘSV (< ϕ, v >) = {e :< ϕ, v >∈ SVMe} and ΘSK(<
ϕ, v >) = {e :< ϕ, v >∈ SKMe}.8

ΘSV (< ϕ, t >) and ΘSK(< ϕ, t >) are the set of facts we obtain by looking at the set of models
in which ϕ is true under the supervaluationist and strong Kleene semantics. So they give us a way of
finding truthmakers for ϕ in a wide sense. And similarly for falsemakers.

By the monotonicity of SV and SK, it is easy to show that if e ⊆ e′ and Me ∈ ΘSV [SK](< ϕ, t/f >),
then Me′ ∈ ΘSV [SK](< ϕ, t/f >). I will call this property closed under fact-inclusion.

The fact that ΘSV (< ϕ, t/f >) and ΘSK(< ϕ, t/f >) are closed under fact-inclusion shows that we
do not have minimality yet. But is easy to define:

• Definitions 2: Minimal trutmakers

– ΘSVM (< ϕ, t/f >) = {Me : Me ∈ ΘSV (< ϕ, t/f >) and there is no Me′ < Me such that
Me′ ∈ ΘSV (< ϕ, t/f >)}.

– ΘSKM (< ϕ, t/f >) = {Me : Me ∈ ΘSK(< ϕ, t/f >) and there is no Me′ < Me such that
Me′ ∈ ΘSK(< ϕ, t/f >)}.

2.2 Connected approaches

Van Fraassen [1969] gives a definition of the set of truthmakers for a sentence, in a minimal and in a wide
sense. I will roughly mention some of the notions and operations he introduces because they will become
useful later. Given a first order language L and a model M =< D, I >, he calls complexes to the atomic
facts, the n+1-tuples < RP , o1, ..., on > previously defined 9. Two complexes are incompatible if they are
of the form < RP , o1, ..., on > and < R̃P , o1, ..., on >, for the same predicate P and objects o1, ..., on. A
set of complexes is consistent if there are no incompatibilities within its members. A fact is a (consistent)

non-empty set of complexes. A complex < RP [R̃P ], o1, ..., on > obtains in M if IM (P )(o1, ..., on) = t[f ].
A fact e obtains in M if all its members obtain in M . The conjunction of two facts e and e′ (written e.e′)
is their union if its consistent, undefined otherwise. The product of two sets of facts X and X ′ (written
X �X ′) is the set of conjunctions e.e′, where e ∈ X and e′ ∈ X ′. If each of the Xi in {Xi : i ∈ I} is a
set of facts, the product of all of them is written

∏
i∈I

Xi. A fact e forces some fact e′ iff e′ ⊆ e.

Let F@(ϕ) be the set of falsemakers of ϕ and T@(ϕ) the set of its truthmakers. F@(ϕ) and T@(ϕ) are
sets of facts, i.e. sets of sets of complexes. And let F ∗(ϕ)[T ∗(ϕ)] be the set of all facts that force some
fact in F@(ϕ)[T@(ϕ)], the falsemakers [truthmakers] in a wide sense. In the Appendix I show that we
can generate Van Fraassen’s truthmaking by looking at Strong Kleene sufficiency sets. More precisely:

8These are generalizations of some ideas present in Yablo [1982].
9Complexes are traditionally seen as language independent, I choose to tie them to the language to gain in simplicity.
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• Proposition 1: T ∗(ϕ) = {e : Me ∈ ΘSK(< ϕ, t >)} = {e :< ϕ, t >∈ SK(Me)} and F ∗(ϕ) = {e :
Me ∈ ΘSK(< ϕ, f >)} = {e :< ϕ, f >∈ SK(Me)}. What is equivalent, ΘSK(< ϕ, t >) = {Me :
e ∈ T ∗(ϕ)} and ΘSK(< ϕ, f >) = {Me : e ∈ F ∗(ϕ)}.

Proof: Appendix.

Yablo [2011] presents a theory of aboutness in direct connection with the process I am interested in.
He developed the notion of exactly about by looking at reasons for truth [or falsehood]: S’s subject
matter is the one and only m such that worlds differ m-wise just when S is true [false] in them for
different reasons.10 Were m can be thought as a set of propositions11 (S’s overall subject matter) each
of which specify different reasons for why is S true (S’s subject matter) and for why S is false (S’s
subject anti-matter). We obtain a subject matter m that S is “exactly” about because S is indifferent
to anything outside of m, and S is not indifferent to anything inside of m. Another way to present it
is to take m to be the classes obtained by a similarity relation over the logical space of possible worlds,
i.e. a non-transitive, reflexive and symmetrical relation.

Yablo thinks facts are the appropriate reasons for a sentence’s truth value. And in general, reasons
for truth or falsehood are thought as truthmakers and falsemakers. This induces a new definition: φ’s
subject matter is a pair < T@(φ), F@(φ) >, where T@(φ) is an adequate set of truthmakers for φ and
F@(φ) is an adequate set of falsemakers for φ. Each distinct truthmaker corresponds to a different reason
for φ’s truth and every distinct reason for truth corresponds to a different truthmaker. Analogously for
falsemakers. The technical presentation of truthmakers I made here is a generalization of some formal
ideas in Yablo [2011] and Yablo [1982]. There is a connection between Yablo’s account of truthmakers
and the present presentation. Looking to sentences, not propositions, and considering a class of models F
that share the same domain D and interpretation of closed terms instead of the logical space of possible
worlds; the present account induces a similarity relation over that class:

• Proposition 2: < ΘSVM [SKM ](< ϕ, t >),ΘSVM [SKM ](< ϕ, f >) > induces a similarity relation
over the set of models of L that share the same domain D and interpretation of closed terms.

Proof: Appendix.
So in a restricted way - only for sentences and a certain class of models - these truthmakers and

falsemakers can be seen as the subject matter of sentences.

3 Taking care of languages with the truth predicate

Begin by expanding the language L to L+ by adding a distinctive monadic predicate Tr and a name pϕq
for each sentence ϕ ∈ L+ as usual.

We now consider a family F of partial models Me =< D, Ie > for L+ all of which share the same
domain D and interpretation of closed terms, but nothing else. Assume that each sentence ϕ of L+ is in
D and that the constant symbol pϕq in L+ denotes it.

Let A be the set of all complexes or atomic facts12.

• A = {< RP , o1, ..., on >: P is a n-place predicate symbol of L+, RP ⊆ Dn is a relation and

(o1, ..., on) is a member of Dn} ∪ {< R̃P , o1, ..., on >: P is a n-place predicate symbol of L+,

R̃P ⊆ Dn is a relation and (o1, ..., on) is a member of Dn}.

A is has all the complexes in it, so any fact -set of complexes- must be a subset from A.
On other hand, P here can be the truth predicate Tr. So I am assuming there are semantic complexes,

and that there is a monadic semantical relation RTr of “falling under truth”. There is a particular subset
SC ⊆ A of semantic complexes:

• SC = {< RTr, o >: o ∈ D} ∪ {< R̃Tr, o >: o ∈ D}.

We now go to the set ℘(A) of all possible facts, not just complexes:

• ℘(A) = {e : e ⊆ A}.
10Yablo [2011] pg.29.
11Propositions here are understood as sets of possible worlds.
12Since all models are for the same language and share the same domain D, A has a definite extension and cardinality.
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It is important to point out here that ℘(A) will now allow inconsistent facts. In particular, I will

admit as a possible fact some e ∈ ℘(A), e = {< RTr, o >,< R̃Tr, o >}, for some o ∈ D; and the same for
other predicates. The reader should not understand this as a dialetheist commitment with paradoxical
facts. My interest here is to characterize general conditions for truth or falsehood. My claim is that to
answer why the liar would be true (false) we should reply something like because it is both true and
false. But I do not claim that the liar is true or false. Inconsistent facts can work as reasons for truth
or falsehood, but do not obtain in any possible world or model. Truthmakers and falsemakers must be
understood in this context as explicative and not metaphysically committed.

Pick some S ⊆ ℘(A). This is a set including different facts. Let Θ be either ΘSV or ΘSK , and ΘMin its
minimal parts. One important feature of Θ was that before looking for minimal truthmakers/falsemakers
if Θ(< ψ, v >) = S and e ∈ S, then for all e ⊆ e′, e′ ∈ S. And the reason for this was that if some fact
e made some sentence ψ true/false, then any fact e′ extending e would also make ψ true/false [and that
was captured by SV’s and SK’s monotonicity]. Previously this was only true for consistent facts, but
we need the same property for all sort of facts. So the sets of truthmakers/falsemakers we are interested
in are closed under fact-inclusion:

• C = {S ⊆ ℘(A) : ∀e, e′ ∈ ℘(A)[(e ∈ S ∧ e ⊆ e′)→ e′ ∈ S]}.

Before facing truthmaking relations, I need to introduce a relation over C. Given S, T ∈ C:

• Definition 4: S J T iff [∀e′ ∈ T∃e ∈ S(e ⊆ e′)].

S J T can be read as “T extends S”. This is the relation between each step of the process. Each of
the new truthmakers we get must include a previous truthmaker.

• Proposition 3: J is a partial order on C.

Proof: Appendix

• Proposition 4: < C,J> is a complete lattice.

Proof: Appendix

Comment:

– If < Si : i ∈ α > is an α-increasing sequence of members of C, it has a least upper bound in
C:

∏
i∈α Si

Once we have all possible truthmakers and falsemakers, it is easy to construct a set U of all possible
truthmaking/falsemaking relations, relative to the class F of models under consideration:

• U = {<< ψ, v >, S >: ψ ∈ L+, v = t or v = f, S ∈ C}

<< ψ, t >, S > is like saying that S is the set of facts for ψ, such that those are all the sufficient
facts that could make ψ true. S pretends to be the set of truthmakers for ψ. Analogously for T in
<< ψ, f >, T >.

Now consider P , with P ⊆ ℘(U), the set of all truthmaking assignments:

• P = {SM ⊆ U : for all ψ ∈ L+ and < ψ, v >, ∃!S ∈ C such that << ψ, v >, S >∈ SM and
Θ(< ψ, v >) J S}.

SM comes from subject matter. The idea here being that (i) each SM ∈ P assigns a unique set of
truthmakers and falsemakers to every sentence, and (ii) that all of the truthmakers/falsemakers assigned
are extensions of one of the truthmakers/falsemakers we get by the Θ operation. This last requirement
is technically unnecessary, but it selects the kind of truthmaking assignments philosophically relevant.

Each of the SM ∈ P can be seen as a function from value assignments < ψ, v > to members of C, i.e.
to sets of facts closed under fact-inclusion. So I will say that SM(< ψ, v >) = S iff << ψ, v >, S >∈ SM .

Let me define an order over P and check it has some nice properties.

• Definition 5: SM 6 SM ′ iff ∀ < ψ, v > [SM(< ψ, v >) J SM ′(< ψ, v >)].
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• Proposition 5: < P,6> is a complete lattice.

Proof: To the reader. See Appendix for comments.

I will now define a function from P to P that captures the intuitive process described in Section 1.3.
Before that, I need to recall and generalize Van Fraassen’s operations with facts to inconsistent facts:

• The conjunction of two facts e and e′ (written e.e′) is their union [no restrictions on consistency
here].

• The product of two sets of facts X and X ′ (written X �X ′) is the set of conjunctions e.e′, where
e ∈ X and e′ ∈ X ′. If each of the Xi in {Xi : i ∈ I} is a set of facts, the product of all of them is
written

∏
i∈I

Xi.

Given some fact e we want to identify all the semantic complexes in it and unzip them with the ΘMin

operation: 13

• Definition 6.1: f : A→ ℘(℘(A)). Pick any sentence ψ ∈ L+.

f(< RP [R̃P ], o1, ..., on >) =


ΘMin(< ψ, t >) if < RP [R̃P ], o1, ..., on >=< RTr, oψ >.

ΘMin(< ψ, f >) if < RP [R̃P ], o1, ..., on >=< R̃Tr, oψ >.

{{< RP [R̃P ], o1, ..., on >}} if < RP [R̃P ], o1, ..., on >/∈ SC.

• Definition 6.2: δ : ℘(A)→ ℘(℘(A)). δ(e) = {e} �
∏
a∈e

f(a). Clearly, for all d ∈ δ(e), e ⊆ d.

• Proposition 6: If e ⊆ t, then ∀f ∈ δ(t)∃d ∈ δ(e)(d ⊆ f) [If e ⊆ t, δ(e) J δ(t)].

Proof: Appendix

• Definition 6.3: J : C → C. J(S) is the fact-inclusion closure of
⋃
e∈S

δ(e) ⊆ ℘(A).

If α is a limit ordinal, then < Jβ(S) : β ∈ α > is an α-increasing sequence of members of C; so we
make Jα(S) = Sα, with Sα as before.

• Proposition 7: S J J(S). To the reader.

• Definition 6.4: J∗ : P → P . For all (< ψ, v >), J∗(SM)(< ψ, v >) = J((SM)(< ψ, v >)).

If α is a limit ordinal, then for all (< ψ, v >), J∗α(SM)(< ψ, v >) = Jα((SM)(< ψ, v >)).

For any ordinal β, J∗β(SM) ∈ P . Clearly for all < ψ, v >, ∃!S ∈ C such that << ψ, v >, S >∈
J∗β(SM). Say SM(< ψ, v >) = S and J∗β(SM)(< ψ, v >) = S′. Then Θ(< ψ, v >) J S′ because
Θ(< ψ, v >) J S, S J S′ and J is transitive.

• Proposition 8: Some nice properties of the jump operator J∗:

– For all SM ∈ P , SM 6 J∗(SM).

– J∗ is monotone. Proof in the Appendix.

– For all SM ∈ P , the sequence < J∗α(SM) > is non decreasing. It follows by the two previous.

• Proposition 9: For all SM ∈ P , there is a unique ordinal ρ such that (i) for all α < β 6
ρ, J∗α(SM) � J∗β(SM), and (ii) for all γ > ρ, J∗γ(SM) = J∗ρ(SM).

Proof:

First I need to show that there is an ordinal κ such that J∗(J∗κ(SM)) = J∗κ(SM).

Say µ is the cardinality of M = {< u, e, {ak} >: u ∈ U, e ∈ ℘(A), {ak} ∈ ℘(A)}.
Pick any SM ∈ P and suppose for contradiction that there is no such κ.

Recall SM ′ � SM iff ∃ < ψ, v > ¬[SM(< ψ, v >) J SM ′(< ψ, v >)] iff ∃ < ψ, v > ∃e ∈ SM(<
ψ, v >)∀e′ ∈ SM ′(< ψ, v >)[e′ * e] iff ∃ < ψ, v > ∃e ∈ SM(< ψ, v >)∀e′ ∈ SM ′(< ψ, v >)∃a[a ∈
s ∧ a /∈ t].

13Actually we do not really need the Min, but it is easier for calculation.
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So if SM ′ � SM , we can find a tuple << ψ, v >, SM(< ψ, v >), e, {ak} >, with e ∈ SM(< ψ, v >)
and such that ∀a ∈ {ak}[a /∈ e ∧ ∃e′ ∈ SM ′(< ψ, v >)(a ∈ e′)].
Given a strictly increasing chain < SMi > such that if j < l, SMj < SMl; we get different tuples
< u, b, {ak} > at each step. Fix << ψ, v >, SM(< ψ, v >), e, {ak} >. Say SMj 6 SMl, e ∈ SMj(<
ψ, v >) and ∀a ∈ {ak}[a /∈ e ∧ ∃e′ ∈ SMl(< ψ, v >)(a ∈ e′)]. Also say SMj < SMk 6 SMm,
e ∈ SMk(< ψ, v >) = SMj(< ψ, v >) and ∀a ∈ {ak}[a /∈ e ∧ ∃e′ ∈ SMm(< ψ, v >)(a ∈ e′)].
Clearly, SMl 6 SMk, so SMl(< ψ, v >) J SMk(< ψ, v >). Hence, ∀e ∈ SMk(< ψ, v >)∃e′ ∈
SMl(< ψ, v >)(e′ ⊆ e). But ∀a ∈ {ak}[a /∈ e ∧ ∃e′ ∈ SMl(< ψ, v >)(a ∈ e′)]. Contradiction.

Now, for each γ < µ+, choose a tuple < u, b, {ak} >γ∈M from J∗γ+1(SM) � J∗γ(SM) as before.

Then {< u, e, {ak} >γ : γ < µ+} is a µ+-subset of M , contradicting our choice of µ as M ’s
cardinality.

So there are ordinals κ such that J∗(J∗κ(SM)) = J∗κ(SM). Let ρ be the least. It is easy to show
that for all γ > ρ, J∗γ(SM) = J∗ρ(SM)). I need to show that for all α < β 6 ρ, (J∗α(SM) 6=
J∗β(SM). Since the chain is non-decreasing, if for some α < β 6 ρ, then for all γ between α and
β J∗α(SM) = J∗γ(SM) = J∗β(SM). In particular, J∗(J∗α(SM)) = J∗α(SM), contradicting our
choice of ρ the least ordinal for which this was so.

So the process eventually finishes in a fixed point, no matter where we started. There are, of course,
many fixed points, but I think the only relevant one is the minimal we get by starting with SMΘ. Call
this fixed point SMω. And call its minimal part MSMω. Similarly, the minimal part of the starting
point SMΘ is MSMΘ.

4 Back to intuitions

Let me present some cases in order to show how the intuitions are captured.
First of all, the liar and the truthteller:

• τ := Trpτq.

MSMΘ(< τ, t >) = {{< RTr, oτ >}} = MSMω(< τ, t >).

MSMΘ(< τ, f >) = {{< R̃Tr, oτ >}} = MSMω(< τ, f >).

The minimal truthmaker for the truthteller is the fact of it falling under the extension of the truth
predicate. Going on just means repeating the question, so we reached a fixed point on truthmakers. The
minimal falsemaker for the truthteller is the fact of it falling in the antiextension of Tr; and again this
is a fixed point.

• λ := ¬Trpλq.

MSM1
Θ(< λ, t >) = Θ(< λ, t >) = {{< R̃Tr, oλ >}}.

MSM2
Θ(< λ, t >) = MSM3

Θ(< λ, t >) = MSMω(< λ, t >) = {{< R̃Tr, oλ >,< RTr, oλ >}}.
MSM1

Θ(< λ, f >) = {{< RTr, oλ >}}.

MSM2
Θ(< λ, f >) = MSM3

Θ(< λ, f >) = MSMω(< λ, f >) = {{< R̃Tr, oλ >,< RTr, oλ >}}.

MSM i
Θ(< λ, t/f >) here represents the i− th step in the truthmaking/falsemaking process.

Suppose we begin the process by asking under which circumstances the liar would be true. The only
available answer would be to claim that the liar itself falls in the antiextension of the truth predicate; that
is exactly what the liar claims of itself. At the next step, we ask under which circumstances would the
liar fall in the antiextension of the truth predicate; and the answer must be that it falls in the extension
of the truth predicate. But we must also keep track of the previous fact required. Going on asking would
take us to the same point. Hence ultimately in order to answer why the liar would be true (false) we
should reply something like because it is both true and false. Under this analysis, this is captured because
the liar’s truthmakers and falsemakers collapse in the inconsistent fact {< R̃Tr, oλ >,< RTr, oλ >}.

Something similar occurs with the truthteller, the only circumstance under which it would be true
(false) is just if it falls under the extension (antiextension) of the truth predicate.

Let us go now to the two examples in the introduction:

10



• α := Od→ Trpαq

MSMΘ(< α, t >) = {{< R̃O, od >}, {< RTr, oα >}} = MSMω(< α, t >)

MSMΘ(< α, f >) = {{< RO, od >,< R̃Tr, oα >}} = MSMω(< α, f >)

Which facts must occur for α to be true? Either the die coming up even or it falling under the truth
predicate. Asking again what would make it fall under the truth predicate would just be repeating the
first question.

What would the world look like for if it were to be false? Well, the die must come up odd and α
should be false. Again we gain nothing by going on.

• β1 = Tpβ2q

β2 = Tpβ3q

β3 = Tpβ4q

β4 = Tpβ5q

...

MSMω(< βi, t >) = {{< RTr, oβi+1
>,< RTr, oβi+2

>, ...}}

MSMω(< βi, f >) = {{< R̃Tr, oβi+1 >,< R̃Tr, oβi+1 >, ...}}.

What do we need for βi to be true? βi+1 to be true. And under which circumstances is βi+1 true? If
and only if βi+2 is true. And we must keep track of both facts before we go on with the process. Keep
going infinitely and we get MSMω(< βi, t >). Similarly for βi being false.

Note that no truthmaker nor falsmaker in any of the βi involves a fact about the very same βi. This
ensures that no kind of circularity is involved in the β-list.

It remains to show a case risky for paradoxicality, not just ungroundedness. A nice example is a
moderate version of Curry’s paradox:

• β := Trpβq→ Od.

MSMΘ(< β, t >) = {{< R̃Tr, oβ >}, {< RO, od >}}.

MSMω(< β, t >) = {{< RO, od >}, {< R̃Tr, oβ >,< RTr, oβ >,< R̃O, od >}}.

MSMΘ(< β, f >) = {{< RTr, oβ >,< R̃O, od >}}.

MSMω(< β, f >) = {{< RTr, oβ >,< R̃O, od >,< RO, od >}, {< RTr, β >,< R̃O, od >,<

R̃Tr, oβ >}}.

Begin by asking what could make β true. Either the die comes up odd or β is false. But for β to be
false we need it to be true and the die to come up even. The process stops at this point.

5 Characterizing riskiness and other concepts

I will now present some categories of riskiness and attempt to give a characterization of them in terms
of the framework I presented. Take MSMω(< φ, t >) to be the set of truthmakers for φ and MSMω(<
φ, f >) the set of its falsemakers.

5.1 Inconsistency and at risk for paradox

• Full consistency: A sentence φ is fully consistent iff all of its truthmakers and all of its falsemakers
are consistent.

• Full or intrinsic paradoxicality: A sentence φ is fully paradoxical iff all of its truthmakers and
all of its falsemakers are inconsistent.
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How should the world be like for the liar to be true? Inconsistent. Because in order for the liar to be
true (or false), it should also be false (true). So to explain this what we need is both the fact that the liar

falls under RTr and under R̃Tr: MSMω(< λ, t >) = {< RTr, oλ >,< R̃Tr, oλ >} = MSMω(< λ, f >).
And that is precisely the reason why the liar is paradoxical.

But we can also identify sentences at risk for paradox:

• Partial consistency: A sentence φ is partially consistent iff some of its truthmakers or some of
its falsemakers is consistent.

• Risky for paradox: A sentence φ is at risk for paradox iff some of its truthmakers and some of
its falsemakers is inconsistent.

Consider β := Trpβq → Od as before. All of its falsemakers are inconsistent, and only one of its
truthmakers is consistent. Furthermore, if the die comes up odd it is true and consistent; otherwise
inconsistent. Partial inconsistency characterizes the behavior of this sort of sentences.

5.2 Ungrounded and at risk for ungroundedness

Consider first the class F of partial models for L+ all of which share the same domain D and interpretation
of the terms referring to sentences of L+.

Select from the set of all the models that are classical for every predicate except Tr.
Some of those models will be fixed points under the classical kripkean approach.
Call MFP the set of all models from the previous set that are minimal fixed points under the classical

kripkean approach. (Details about which valuation scheme to choose are avoided here).

• Complete or intrinsical ungroundedness: A sentence φ is completely ungrounded iff there is
no truthmaker or falsemaker that is realized in any model in MFP .

• Risky for ungroundedness: A sentence φ is at risk for ungroundedness iff there is some truth-
maker and some falsemaker that is not realized in any model in MFP .

As expected, the truthteller τ and the liar λ are completely ungrounded, but α and β as before are
partially ungrounded.

An interesting question is whether there is a sentence fully pathological, but neither intrinsically
grounded nor intrinsically paradoxical. There is:

• η := Trpηq↔ Od14

If the die comes up odd, then η behaves like the truthteller, if it comes up even it behaves like the liar. It
is both at risk for paradox and at risk for ungroundedness. This behavior is captured in its truthmakers
and falsemakers:

• MSMω(< η, t >) = {{< RTr, oη >,< RO, od >}, {< R̃Tr, oη >,< R̃O, od >,< RO, od >}, {<
R̃Tr, oη >,< RTr, oη >,< R̃O, od >}}.

MSMω(< η, f >) = {{< R̃Tr, oη >,< RO, od >}, {< R̃Tr, oη >,< RO, od >,< R̃O, od >}, {<
RTr, oη >,< R̃O, od >,< RO, od >}, {{< RTr, oη >,< R̃O, od >,< R̃Tr, oη >}}.

Some, but not all, of its truthmakers and falsemakers are inconsistent; but all of them are ungrounded.

5.3 About and partially about objects

• Fully about an object o: A sentence φ is fully about an object o iff all of its truthmakers and
all of its falsemakers involve a complex in which o appears.

• Partially about an object o: A sentence φ is partially about an object o iff some of its truth-
makers or some of its falsemakers involve a complex in which o appears.

14This interesting example was suggested to me by Vann McGee.
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• Self-referential: A sentence φ is (fully/partially) self referential if all/some of the facts from
MSMΘ(< φ, t >) and/or MSMΘ(< φ, f >) involve a complex in which oφ appears.

• Circular: A sentence φ is fully/partially circular iff all/some of its truthmakers and/or all/some
of its falsemakers involve a complex in which oφ appears.

α := Od→ Trpαq as before is partially about itself (self-referential) and partially about the die.

Is there any circular or partially circular sentence that is not at risk for ungroundedness?
Yes. A natural case involves sintactic predicates that are not the truth predicate. If From(x) is a

predicate that is true only of formulas, then:

• δ : Form(pδq).

Is clearly circular but nevertheless grounded true.
There are controversial cases of completely grounded but circular sentences involving truth. Ad-

mitting them to be grounded depends on philosophical assumptions regarding the truth predicate. For
example:

• ζ := Trpζq ∨ (Pa ∨ ¬Pa)

• δ := Trpδq ∨ ¬Trpδq

5.4 Sets of sentences

Say Γ is a set of sentences from L+.

• Inconsistency: Γ is inconsistent iff there is no model in the logical space that realizes simultane-
ously, for all of the sentences in Γ, some truthmaker or some falsemaker.

• Full/partial circularity: Γ is fully/partially circular iff all/some of the sentences in it are
fully/partially circular.

• Ungroundedness: Γ is ungrounded iff there is no model in MFP that realizes simultaneously
some truthmaker or some falsemaker for all of the sentences in Γ.

As a result from the analysis, the β-list is not circular at all, nor paradoxical, but ungrounded.
We could also slightly modify the β-list to have it be not completely ungrounded but at risk for

ungroundedness:

• γ1 := Od→ Trpγ2q

γ2 := Od→ Trpγ3q

γ3 := Od→ Trpγ4q

...

So we have a non-circular γ-list at risk for ungroundedness.

6 The truthmaking picture

I offered a model-theoretic account on truthmakers and falsemakers in order to explain the riskiness and
circularity phenomena. The main reason for using these philosophically committed theorie is that, as
I explained, riskiness and circularity require to identify worldly or empirical circumstances that turn
some sentence’s truth conditions problematic. There is no intrinsic cause for riskiness, only external
and contingent. And the natural way of representing these unfavorable worldly conditions is by using
truthmaking theory. Nevertheless, the present proposal can be presented without any allusion to truth-
makers. In classical model theory, given a language L and a classical model Me =< D, Ie > of L, the
Diagram of Me is the set of atomic sentences true in Me of the language we obtain by adding constants
to L for each member of D. e, the fact determined by Me as defined in Section 2.1, is similar to the
Diagram of Me, but instead of considering atomic sentences we consider tuples and we also include

13



negative cases -negations of atomic sentences- since we have three truth values. Facts -sets of complexes-
can be represented by sets of atomic sentences and negation of atomic sentences; and all truthmaking
discourse may be translated into model theoretic language so as to avoid metaphysical commitments.
But I believe this would be philosophically misleading: the underlying cause of riskiness are unfavorable
worldly circumstances.

It is also necessary to tell some story about the particular philosophical commitments behind the
formalisms presented. For some of the most important topics of discussion in truthmaking theory, my
aim here is just to point out where this approach stands and its possibilities. A full defense of the picture
I am offering exceeds this paper, but I will nevertheless give some motivations.

Let us present the issues by quoting Armstrong [2004]:

The idea of a truthmaker for a particular truth, then, is just some existent, some portion
of reality, in virtue of which that truth is true. The relation, I think, is a cross-categorical
one, one term being an entity or entities in the world, the other being a truth. (...) The
‘making’ here is not the causal sense of ’making.’. (...)

Two questions immediately arise. First, do truthmakers actually necessitate their truths,
or is the relation weaker than that, at least in some cases? Second, do all truths have
truthmakers, or are there some areas of truth that are truthmaker-free, modal truths for
instance? My answers to these questions are, first, that the relation is necessitation, absolute
necessitation, and, second, that every truth has a truthmaker. I will call these positions
respectively Truthmaker Necessitarianism and Truthmaker Maximalism. (Armstrong [2004],
5)

I agree with Armstrong in that truthmaking is a cross-categorical relation. The approach presented
here takes sentences, rather than propositions, to be truthbearers. This is only because it is easier and
sufficient to give an answer to the problem of riskiness. Facts, sets of complexes represented with tuples as
before, rather than existents, are here the truthmakers. I suggested previously other possibility; instead
of using facts as truthmakers we could use sets of [atomic] sentences i.e. Diagrams of models. This would
turn the truthmaking relation into horizontal, between sentences.

Second, there is an unsettled issue concerning what constitutes a truthmaker for a universal general-
ization. A truthmaker (falsemaker) for ϕ is supposed to necessitate the truth (falsehood) of ϕ. The most
natural truthmaker for a universal generalization is the set of the individual facts that make true all the
generalization’s instances. But that fact fails to necessitate the truth of the universal generalization. If
there are worlds with objects that do not exist in the actual world, then the truthmaker in the actual
world - the set of individual facts that make true the generalization here- may fail to make true the
generalization in other worlds. Instead of using some kind of general facts15, my provisional solution
was to consider models having the same domain and interpretation of the closed terms. This strategy
guarantees that if any truthmaker of the generalization is realized in a model, the model will make the
generalization true.

Third, the issue of Truthmaker Maximalism: does every truth have a truthmaker? I do not take a
stand on this issue. In particular, I took no stand regarding whether logical truths have truthmakers
or not. I offered two accounts, one based on the Strong Kleene Scheme (SK) and other on the Super-
valuational Scheme (SV). There are some well known differences between these valuation schemes. In
SV tautological statements will have every model as a truthmaker and no model as a falsemaker; and
the inverse follows for contradictions. This does not happen with Strong Kleene16. A related issue is
also left open to the reader’s choice: in SV logically equivalent sentences have the same truthmakers and
falsemakers; in SK they do not.

Finally, the frame assumes the existence of negative and conjunctive facts. Furthermore, it assumes
some sort of semantic facts and inconsistent facts. If we introduce a truth predicate Tr and treat it as
just other predicate, the truthmaker for sentences like Tr(c) with I(c) = ϕ will be {< RTr, ϕ >}, as

if there were some objective fact capturing the truth of ϕ, besides the facts in T̃ (ϕ). These ontological
commitments can be deflated, my aim here is purely representational. As Van Fraassen [1969] puts it:

I propose that we retain our ontological neutrality, and treat facts as we do possibles:
that is, explicate “facts” discourse in such a way that engaging in such discourse does not

15See, for instance, Armstrong 2004, pp. 72–5
16Pick two monadic predicates P and Q and a name a for some object o. Consider now the equivalent tautologies

α = P (a) ∨ ¬P (a) and β = Q(a) ∨ ¬Q(a). Then ΘMSK(< α, t >) = {{< RP , o >}, {< R̃P , o >}} 6= {{< RQ, o >}, {<
R̃Q, o >}} = ΘMSK(< β, t >).

14



involve ontological commitment. This means that we must represent facts, relations among
facts, and relations between facts and sentences; this representation can serve to explicate
facts discourse without requiring the claim that it also represents a reality.

7 Conclusions

I began by arguing that paradoxes and ungroundedness may arise in many natural circumstances if the
world does not collaborate. Kripke called this phenomena riskiness. Some sentences are intrinsically
paradoxical or ungrounded, others just when circumstances are unfavorable. Kripke offered a way to
identify intrinsically pathological sentences; in this paper I developed a formal strategy to characterize
the set of sentences at risk for paradox or ungroundedness. Some questions are left open here. For
instance, remains unsolved the issue whether we can identify for each risky sentence (or set of sentences)
the precise circumstances (facts) under which it is actually paradoxical or ungrounded.

Moreover, I also defined certain notions of self-reference and circularity which I argued are different
from those of ungroundedness. Some cases are ungrounded (or at risk for ungroundedness) but not
circular at all, some others are circular but not ungrounded (nor at risk for ungroundedness).

The formal apparatus relied on a particular elaboration of the concept of truthmaker. I connected
the account with those of Van Fraassen [1969] and Yablo [2011], and made explicit the philosophical
commitments this approach has with regards to truthmaking theory. As a result of this elaboration,
we obtain a better understanding of phenomena that have so far resisted clarification in the standard
literature on paradoxes.
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8 Appendix

• Proposition 1: T ∗(ϕ) = {e : Me ∈ ΘSK(< ϕ, t >)} = {e :< ϕ, t >∈ SK(Me)} and F ∗(ϕ) = {e :
Me ∈ ΘSK(< ϕ, f >)} = {e :< ϕ, f >∈ SK(Me)}. What is equivalent, ΘSK(< ϕ, t >) = {Me :
e ∈ T ∗(ϕ)} and ΘSK(< ϕ, f >) = {Me : e ∈ F ∗(ϕ)}
The proof is by induction on the number of connectives.

If n = 0, recall all models share the same domain D and interpretation of closed terms:

– If P is an n-place predicate of L c1, c2, ..., cn are closed terms of L, then ΘSK(< P (c1c2...cn), t >
) = {Me : Ie(P )(o1, ..., on) = t} = {Me :< RP , o1, ..., on >∈ e}. And T ∗(P (c1, ..., cn)) =
{e :< RP , o1, ..., on >∈ e} =� {< RP , o1, ..., on >} � 17. It is easy to check that ΘSK(<

P (c1c2...cn), f >) = {Me : e ∈ F ∗(P (c1c2...cn))} = {Me : e ∈� {< R̃P , o1, ..., on >} �}.
And similarly for free variables assignments.

If n > 0:

– ΘSK = (¬ϕ, v >) = ΘSK(< ϕ, ṽ >), where ṽ is t if v is f and vice versa. T ∗(¬ϕ) = F ∗(ϕ);
F ∗(¬ϕ) = T ∗(ϕ).

– ΘSK(< ϕ ∧ ψ, t >) = ΘSK(< ϕ, t >) ∩ΘSK(< ψ, t >) =
⋃

Mj∈ΘSK(<ϕ,t>)
Mj∈ΘSK(<ψ,t>)

�Mj.j′ �.

Given Me ∈ ΘSK(< ϕ ∧ ψ, t >), Me ∈ ΘSK(< ϕ, t >) and Me ∈ ΘSK(< ψ, t >), and
Me ∈� Me.e �. Say Mj.j′ 6 Me [i.e. Me ∈� Mj.j′ �], with Mj ∈ ΘSK(< ϕ, t >) and
Mj′ ∈ ΘSK(< ψ, t >). If Mj ∈ ΘSK(< ϕ, t >), < ϕ, t >∈ SK(Mj). Since Mj 6 Mj.j′ 6 Me

and SK is monotone, < ϕ, t >∈ SK(Me); and similarly for < ψ, t >. So Me ∈ ΘSK(< ϕ, t >
) ∩ΘSK(< ψ, t >) and Me ∈ ΘSK(< ϕ ∧ ψ, t >).

On the other hand, T ∗(ϕ ∧ ψ) =� j.j′ � with j ∈ T ∗(ϕ) and j′ ∈ T ∗(ψ). So it follows by
induction hypothesis.

– ΘSK(< ϕ ∧ ψ, f >) = ΘSK(< ϕ, f >) ∪ ΘSK(< ψ, f >) =� Mj � ∪ � Mj′ �, with
j ∈ ΘSK(< ϕ, f >) and j′ ∈ ΘSK(< ψ, f >). F ∗(ϕ ∧ ψ) = F ∗(ϕ) ∪ F ∗(ψ).

– Say Me ∈ ΘSK(< ∃x(ϕ(x)), t >), want to show e ∈ T ∗(∃x(ϕ(x))). That there is some
e′ ∈ T@(∃x(ϕ(x))) such that e′ ⊆ e. < ∃x(ϕ(x)), t >∈ SK(Me), so for some variable
assignment g there is some o ∈ D with g(x) = o there is a fact e′[o] in which o might appear
that makes ϕ(g(x)) true and obtains in Me. So e′[o] ∈ T@(ϕ(g(x))) and e′[o] ⊆ e. But since
e′[o] ∈ T@(g(x)), e′[o] ∈ T@(∃x(ϕ(x))).

Say e ∈ T ∗(∃x(ϕ(x))), want to show Me ∈ ΘSK(< ∃x(ϕ(x)), t >). There is some variable
assignment g such that e ∈ T@(ϕ(g(x))). So for some variable assignment g, ϕ(x) is true in
Me. So Me ∈ ΘSK(< ∃x(ϕ(x)), t >).

– ΘSK(< ∃x(ϕ(x)), f >)= {Me : for all variable assignments g, ϕ(x) is false in Me under that
assignment} = {Me : Me ∈ ΘSK(< ϕ(x), f >)} = ΘSK(< ϕ(x), f >).

If for all variable assignments g, ϕ(x) is false in Me under that assignment, < ϕ(x), f >∈
SK(Me). If Me ∈ ΘSK(< ϕ(x), f >), < ϕ(x), f >∈ SK(Me), but this wouldn’t be the case
if there where some assignment g under which ϕ(x) is true in Me.

Want to show that F ∗(∃x(ϕ(x))) = F ∗(ϕ(x)).

Say e ∈ F ∗(∃x(ϕ(x))), then for some e′ ∈ F@(∃x(ϕ(x))), e′ ⊆ e. So e′ ∈
∏
g

∏
g′
F@
g′ (ϕ(g′(x))),

with g, g′ as expected. So e′ ∈ F@(ϕ(x)) and e ∈ F ∗(ϕ(x)). The other way is similar.

One final observation is that as the T ∗[F ∗](ϕ) have a minimal form T@[F@](ϕ), the ΘSK(< ϕ, t[f ] >
) also have some minimal set of models ΘMSK(< ϕ, t[f ] >), corresponding to the T@[F@](ϕ), such
that every model in ΘSK(< ϕ, t[f ] >) is generated by a model in ΘMSK(< ϕ, t[f ] >).

17Some notation introduced: Given a fact e, � e� is {e′ : e ⊆ e′}. This is, the set of facts generated by e. In the same
way, I will talk about �Me �
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• Proposition 2: < ΘSVM [SKM ](< ϕ, t >),ΘSVM [SKM ](< ϕ, f >) > induces a similarity relation
over the logical space.

Consider the relation defined as follows:

– M1RM2 iff there is some partial model M such that M ∈ ΘSVM [SKM ](< ϕ, t >) or M ∈
ΘSVM [SKM ](< ϕ, f >); and M 6M1 and M 6M2.

First of all, any classical model Mk extends some partial model in ΘSVM [SKM ](< ϕ, t >) or in
ΘSVM [SKM ](< ϕ, f >), but not both. This is because SV [SK](Mk)(ϕ) = t or SV [SK](Mk)(ϕ) = f
but not both. For the very same reason there is no model both in ΘSVM [SKM ](< ϕ, t >) and in
ΘSVM [SKM ](< ϕ, f >). This shows that R is reflexive.

Symmetry is trivial.

To see it is not transitive in any case, just consider the sentence Pa ∨ Pb. Say e = {< RP , oa >}
and e′ = {< RP , ob >}. Any model M extending Me but not Me′ , and any model M ′ extending
Me′ but not Me will both be in ΘSV (< ϕ, t[f ] >) and ΘSK(< ϕ, t[f ] >). But if e′′ = {< RP , ob >
,< RP , ob >}, Me′′ extends both Me and Me′ , so is related with M and M ′. But M and M ′ are
not related.

• Proposition 3: J is a partial order on C.

Proof:

Reflexivity and transitivity are straightforward. Antisymmetry relies on the fact that S, T are
closed under fact-inclusion. Say S J T and T J S, and pick any e′ ∈ T . Since S J T there is
e ∈ S such that e ⊆ e′. Since S is closed under fact-inclusion, e′ ∈ S. The other direction follows
in analogous way.

• Proposition 4: < C,J> is a complete lattice.

Proof:

– Given {Si : i ∈ I, Si ∈ C},
∨
{Si : i ∈ I, Si ∈ C} =

∏
i∈I Si = SI .

Lets see that each Si J SI . Any member of SI includes the union of a sequence of ei ∈ Si.
Now that is least. Suppose there is a T ∈ C such that for all i ∈ I, Si J T and T J SI . Lets
see that SI J T , so that T = SI . Pick t ∈ T . Since for all i ∈ I, Si J T , there is a sequence
< ei >, with ei ∈ Si such that all of the ei ⊆ t. So

⋃
i∈I

ai ⊆ t. But
⋃
i∈I

ai ∈ SI .

– Given {Si : i ∈ I, Si ∈ C},
∧
{Si : i ∈ I, Si ∈ C} =

⋃
i∈I Si = SI .

Clearly each SI J Si. Suppose there is a T ∈ C such that for all i ∈ I, T J Si and SI J T .
Lets see that T J SI , so that T = SI . Pick s ∈ SI . Then for some k, s ∈ Sk. Since for all
i ∈ I, T J Si, T J Sk. So there is t ∈ T such that t ⊆ s.

– The largest element is {A}.
– The least element is ℘(A).

– If < Si : i ∈ α > is an α-increasing sequence of members of C, it has a least upper bound in
C:

∏
i∈α Si

• Proposition 5: < P,6> is a complete lattice.

Proof: To the reader.

Comments:

– It is a partial order. It follows from the fact that J is a partial order.

– It has a least element SMΘ, such that for all < ψ, v >, SMΘ(< ψ, v >) = Θ(< ψ, v >).

– It has a largest element SM∗, such that for all < ψ, v >, SM∗(< ψ, v >) = {A}.
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– If < SMi : i ∈ α > is an α-increasing sequence of members of P , with α any ordinal; it has a
least upper bound in P . It follows by J having the analogous property.

• Proposition 6: If e ⊆ t, then ∀f ∈ δ(t)∃d ∈ δ(e)(d ⊆ f) [If e ⊆ t, δ(e) J δ(t)].

Proof:

Assume e ⊆ t. Then for some g (possibly g = ∅), t = e ∪ g. So {t} = {e} � {g}. So δ(e) =
{e} �

∏
a∈e

f(a), and δ(t) = {e} �
∏
a∈e

f(a)� {g} �
∏
b∈g

f(b). Hence for any f ∈ δ(t)∃d ∈ δ(e)(d ⊆ f).

• Proposition 7: S J J(S). Proof To the reader.

• Proposition 8: Some nice properties of the jump operator J∗:

Proof:

– For all SM ∈ P , SM 6 J∗(SM).

– J∗ is monotone. Pick SM 6 SM ′. Want to show that J∗(SM) 6 J∗(SM ′).

By definition, ∀ < ψ, v > ∀S, T ∈ C[(SM(< ψ, v >) = S ∧ SM ′(< ψ, v >) = T )⇒ S J T ].

Pick any < ψ, v >, assume that SM(< ψ, v >) = S and that SM ′(< ψ, v >) = T . I
just need to show that J(S) J J(T ), given that hypothesis S J T . Pick t ∈ J(T ), want
to show ∃s ∈ J(S)(s ⊆ t). By Definition 6.3, ∃t0 ∈ T∃f ∈ δ(t0)(f ⊆ t). By hypothesis,
∃s0 ∈ S(s0 ⊆ t0). By Proposition 6, ∃s ∈ δ(s0)(s ⊆ f ⊆ t). But by Definition 6.3 s ∈ J(S).

– For all SM ∈ P , the sequence < J∗α(SM) > is non decreasing. It follows by the two previous.
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