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1. Introduction 

The expressive resources of natural languages are sufficient to express self-

referential statements like the following:  

 

(1)  (1) is a sentence. 

(2)  (2) is not a sentence.  

(3)  (3) is true.  

(4)  (4) is not true.  

(5)  If (5) is true, then Maradona is better than Messi.  

(6)  (6) is true and A=A.  

 

These are just a few examples. There are infinitely many statements of this kind1. These 

constructions are usually presented as paradigmatic cases of self-reference. Less attention 

is paid, however, to circular constructions involving epistemic and/or modal operators 

like the ones below:   

 

The Modal Liar: It is not necessary for this sentence to be true.2  

The Knower: This sentence is not known. 

The Believer: This sentence is not believed.  

The Modal Knower: This sentence is not knowable.   

The Modal Believer: This sentence is not believable3.  

                                                           
1 It is also possible to express more elaborate circular constructions. For instance, the Liar Sentence can be 
seen as a limit case of an infinite sequence of liar-like constructions:  
1-membered liar   
(1)  (1) is not true. 
2-membered liar 
(1)  (2) is not true. 
(2)  (1) is not true. 
N-membered liar 
(1)  (2) is not true. 
(2)  (3) is not true. 
… … 
(n-1)  (n) is not true. 
(n) (1) is not true  
2 Or: It is impossible for this sentence to be true.  
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Every construction I have presented so far is circular in some direct or indirect 

way. Nonetheless, some of them are harmless. For instance, sentence (1) is circular but 

clearly true, and sentence (2) is circular but clearly false. Others, like sentences (3) (the 

Truth-Teller) and (6), are problematic in a strange way: it is possible to assign them a 

truth-value but, prima facie, there are no reasons to assign them a specific truth-value (say, 

true, instead of false). Finally, we have constructions like (4) (the Liar Sentence) and (5) 

(the Curry Sentence), which do not admit a stable truth-value assignment (of course, 

assuming bivalence, which I do throughout the paper). The modal and epistemic sentences 

presented above seem to be like (4) and (5), although they are as well known as the 

others4.  

One traditional response to the problem generated by paradoxes such as the Liar is 

to restrict the expressive resources of the language. The conceptual motivation behind 

this idea is that a necessary condition for the paradoxes (at least the semantic paradoxes) 

is that the language must allow for some sort of circularity or, what amounts to the same 

thing, that the absence of circularity removes the risk of generating paradoxical 

constructions5.                

The impact of Yablo´s paradox has to do with its apparent lack of circularity. The 

paradox is generated by the following infinite sequence of statements:  

 

(Y0) For every n > 0, (Yn) is not true.  

(Y1) For every n > 1, (Yn) is not true.  

(Y2) For every n > 2, (Yn) is not true. 

..... 

 

Informally, it is easy to derive a contradiction from the Yablo sequence. Assume 

(Yn) is true for some n. Then for every m > n, (Ym) is false. This implies that for every m 

> n+1, (Ym) is false. So it follows that (Yn+1) is true and false. By reductio we can infer that 

                                                                                                                                                                                 
3 Again, these are just a few examples. We could employ other predicates besides truth, necessity, 
knowledge, and belief, and we could also have constructions that combine these predicates. To keep things 
simple, I will restrict myself to the ones I mentioned.  
4 This is more true of the last two that of the first three. See, for example, Montague [1963] and Thomason 
[1980]  
5 Unless stated otherwise, ´self-referential` and ´circular` will be used interchangeably.  
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(Yn) is false. Since n was arbitrary, (Yk) is false for every k. So (Y0) is true and false. This 

means that the sequence cannot have a stable truth-value assignment.          

Some philosophers (Sorensen [1998], Schlenker [2007], Cook [forthcoming]) 

have seen in Yablo´s construction the starting point of a general method for purging 

every self-referential paradox of its self-referentiality. Sorensen, for example, says that  

 

“The simplicity of Yablo´s paradox invites the conjecture that all [of the self-referential] 

paradoxes can be purged of self-reference” [1998, p. 150]. 

 

And Cook asks:  

 

“Can we apply the general Yabloesque pattern to other paradoxes, replacing each circular 

paradox with a non-circular analogue, thereby ´eliminating` the need to make use of 

circular constructions altogether?” [2011, p. 123] 

  

If such a method were available, there would be a compelling argument in favor of 

the view that paradoxicality must not (maybe never) be blamed on circularity. Cook 

[forthcoming, p.128] rightly notices that there are two ways to make Sorensen´s idea 

more precise: 

Weak Purge: Given any self-referential construction  in some language L, there is some 

(possibly distinct) language L* such that L* contains a non-self-referential Yabloesque 

analogue of .  

Strong Purge: Given any self-referential construction  in some language L, there is, in L 

itself, a non-self-referential Yabloesque analogue of .  

In this paper it is my intention to gather some evidence in favor of the strong 

version of the purge by considering some modal-epistemic paradoxes and their infinitary 

analogues.   

 

2. The framework 

In his book manuscript Cook presents a purposed-build infinitary language LP. 

This language only contains one type of formula: (possibly infinite) conjunctions of 
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sentences of the form ´Sn is false`, where Sn is the name of a sentence. Since my aim here is 

to study certain modal-epistemic paradoxes, I am going to work with an infinitary 

propositional language LKP which has some additional modal and epistemic operators. The 

vocabulary V of LKP is V = { a class C of sentence names {S0, S1, S2,…..}, falsum (), 

negation (), conjunction (), the material conditional (),  the truth predicate (T), the 

possibility operator (),  and the knowledge predicate (K) }.  

There are several things to notice here. First, I am going to treat Knowledge (K) 

as a predicate and Possibility () as an operator. It turns out that not doing so complicate 

things quite a bit, but nothing important hangs on this. Second, normally when K is part 

of a sentence, it occurs indexicalized to an agent and a time. In order to keep things 

simple, I will assume that the agent and the time are fixed and will omit them. Third, the 

only names in V are sentence names. Every sentence of LKP (except for ) talks about 

sentences of LKP. Since LKP is specifically designed to model certain paradoxes, there are 

neither propositional letters nor non-sentential names in its vocabulary. Fourth, sentence 

names are indexed by sequences of ordinals. For instance, S2, S<1,2> , S<<2,3>,5,>, are 

sentence names. So the class of sentence names is not a set. Fifth, LKP is an infinitary 

language. It allows for infinite conjunctions such as:  

K(S1)  K(S2)  K(S3)  K(S4)  K(S5)  K(S6)  ….  

T(S1)  K(S2)  T(S3)  K(S4)  T(S5)  K(S<6,6,6>)  T(S5)  ….  

( T(S1)  K(S9845) )  (T(S3)  K(S<9,11>))  T(S5)  K(S122334)  ….  

An alternative language LBP which is exactly like LKP except for the fact that the 

knowledge predicate is replaced by the belief predicate (B) could be easily constructed. 

That language would be capable of representing self-referential sentences like ´This 

sentence is not believable` and ´If this sentence is believable, then Maradona is better than 

Messi`, among others. The set of well formed formulas of LKP (LBP) can be specified 

recursively as usual. The only rule that gives rise to infinitary formulas is this:  if 1, 2, 

3, … are well-formed formulas, then {n | n} is a well formed formula.     

I will not present a full model-theoretic semantics for LKP. But for each of the 

sentence names in C, we have a denotation function  such that : C  {formulas of 
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LKP}6. The function  is used to provide the denotation of every name in C, so it is 

possible to represent self-referential constructions like the ones mentioned at the 

beginning. A few examples: 

(Sm) = T(Sm) 

(Sn) = K(Sn) 

(Sk) = T(Sm)  T(Sn)  

According to the first example, the denotation of the sentence Sm is the sentence “the 

sentence denoted by the sentence name Sm is true”. The second one says “the sentence 

denoted by the sentence name Sn unknowable”. And the third says “If the sentence 

denoted by Sm is true, then the sentence denoted by Sn is true”. Of course, since LKP is an 

infinitary language there will be names for infinitary sentences too. For example, we could 

set the denotation function so that  

(S0) = K(S1)  K(S2)  K(S3)  K(S4)  K(S5)  K(S6)  ….   

Again, following Cook [forthcoming], I will use the pair <{Si}iI, > for a class of 

sentence names together with a denotation function. So, if we take <{Sn}n , > and (Sn) 

is defined as {K(Sm) | m = n+2 for all n   }, we obtain the following infinite 

sequence:  

(S0) = K(S2) 

(S1) = K(S3) 

(S2) = K(S4) 

….. 

(Sn) = K(Sn+2)  

(Sn+1) = K(Sn+3) 

….. 

 

Now that we have all the formal tools we need, let´s move on to unwindings.   

 

3. Unwindings 

What is the link between the Liar paradox and the Yablo paradox? A way to see 

Yablo´s paradox is like a generalized Liar paradox. We take the Liar sentence, which is 

clearly self-referential, and transform it into Yablo´s sequence, which is an infinitary 

                                                           
6 Note that if C is not a set,  is not a set, since its domain is not a set.     
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construction that maintains the Liar´s paradoxicality while eliminating its circularity. If 

Yablo´s strategy could be adequately applied to every self-referential sentence (or 

sequence of sentences), there would be a vindication of what I have identified before as 

Sorensen´s project. However, there are many ways to transform a self-referential 

construction into a non-self-referential construction. For example, Yablo´s sequence (the 

-unwinding of the Liar sentence) is not the only possible unwinding for the Liar 

sentence. There is also the dual of Yablo´s sequence (the -unwinding):   

 

The -unwinded Liar 

S1 There is at least one k > 1, such that T(Sk) 

S2 There is at least one k > 2, such that T(Sk) 

S3 There is at least one k > 3, such that T(Sk) 

….     

Sn There is at least one k > n, such that T(Sk) 

Sn+1 There is at least one k > n+1, such that T(Sk) 

 

If we are working within arithmetic, there are two more ways to unwind the Liar: the - 

unwinding and the -unwinding. So, the question “what is an unwinding?” has no 

univocal answer. This is especially important for the case of LKP, which has no quantifiers. 

For an LKP construction, the unwinding must be obtain in a different way. Although I will 

not give a technical definition here7, I will provide some examples below.  

Cook thinks that if the strong version of the purge is to have any chance of success, 

the language in which to carry out the unwindings must be at least as strong as the 

language of arithmetic. This gives us a sort of dilemma. On the one hand, since LP is a 

language specifically designed to model certain paradoxes, it can only be used to argue in 

favor of the weak version of the purge. On the other hand, if the language of arithmetic is 

used, then it can be shown that if the unwinding technique is applied to the Liar, it gives a 

paradox in which the relevant predicate is a fixed point (of a certain sort)8. This means 

                                                           
7 The reader interested in the technical details can see Cook [forthcoming, p. 133]. Obviously, Cook´s 
definition must be extended to the language LKP.  
8 Cook [forthcoming] has put forward a couple of important distinctions concerning the differnt types of 
fixed points (strong/weak, sentential/predicative). Since I don´t think (see below) that fixed points provide a 
good definition of circularity, I will not concern myself with these subtleties here.    
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that if being circular amounts to being a fixed point (of a certain sort), then Yablo´s 

paradox in its usual formulation is a circular paradox9. The upshot of this is that 

unwindings are not useful to carry out the strong version of the purge. Naturally, other 

techniques to transform circular constructions into non-circular ones could be discovered, 

but none has been presented so far.    

How to avoid Cook´s dilemma? Even if Cook is right about LP and the language of 

arithmetic, it is possible to use our richer infinitary language LKP to argue in favor of the 

strong version of the purge. LKP is certainly at least as strong as arithmetic. Of course, the 

success of the strong version of the purge depends on at least two things.  

First, it is much more helpful to think of an unwinding as an infinite list of infinite 

conjunctions, rather than as an infinite list of quantificational sentences. This is important 

because under certain definitions of circularity, the quantificational sentences turn out be 

circular and the infinite conjunctions do not. For instance, if we think that a 

quantificational sentence is about an object if (and only if?) that object belongs to the 

domain of quantification, then in the -unwinding of the Liar Sentence, the sentence S1 

talks about itself because the object (sentence) denoted by S1 is in the domain of 

quantification. The same holds for every Sn.    

Second, and more importantly, we could offer a different definition of circularity. 

In particular, a definition that does not use the idea of “being a fixed point”. If the new 

definition classifies every unwinding as non-circular, then the strong version of the purge 

can be defended. Presenting such a definition is beyond the scope of this paper, but it is 

interesting to see that Cook does not consider the possibility of rescuing the strong purge 

not by finding some other method different from the one that uses unwindings but by 

finding a different definition of circularity.     

With this conceptual background in mind, let´s see a few of examples to illustrate 

how the same unwinding operation performed on the Liar can be performed on non-

semantic circular constructions.  

 

Example 1: the Knower sentence 

                                                           
9 More precisely, infinitely many of the sentences in the unwinding of the Liar sentence (i.e. the Yablo 
sequence) are weak sentential fixed points of the Yablo predicate “for every n > x, Sn is not true”. For the 
details, see Cook [forthcoming].    
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(S1) = K(S1) 

The unwinding of this sentence is: 

(S<1,1>)= K(S<2,1>)  K(S<3,1>)  K(S<4,1>)  ….  

(S<2,1>)= K(S<3,1>)  K(S<4,1>)  K(S<5,1>)  ….  

(S<3,1>)= K(S<4,1>)  K(S<5,1>)  K(S<6,1>)  ….  

…..  

  

A more interesting example, related in some way to the Knowability Paradox, is the 

Modal Knower10:   

 

Example 2:  the Modal Knower  

(S1) = K(S1)  

According to our previous definition, the unwinding of this construction (that is, the unwinding of 

<{S}{1}, >) is:  

(S<1,1>): K(S<2,1>)  K(S<3,1>)  K(S<4,1>)  ….  

(S<2,1>): B(S<3,1>)  K(S<4,1>)  K(S<5,1>)  ….  

(S<3,1>): K(S<4,1>)  K(S<5,1>)  K(S<6,1>)  ….  

…..  

(S<n,1>): K(S<n+1,1>)  K(S<n+2,1>)  K(S<n+3,1>)  ….  

(S<n+1,1>): K(S<n+2,1>)  K(S<n+3,1>)  K(S<n+4,1>)  ….  

….. 

 

Example 3: the Modal Curry Knower  

If the unwinding technique is applied to <{S}{1}, >, where  

(S1) = K(S1)    

then the unwinding is  

 (S<1,1>): ( K(S<2,1>)  ) )  ( K(S<3,1>)  )  ( K(S<4,1>)  ) ….  

 (S<2,1>): ( K(S<3,1>)  ) )  ( K(S<4,1>)  )  ( K(S<5,1>)  ) …. 

 (S<3,1>): ( K(S<4,1>)  ) )  ( K(S<5,1>)  )  ( K(S<6,1>)  ) …. 

…. 

 (S<n,1>): ( K(S<n+1,1>)  ) )  ( K(S<n+2,1>)  )  ( K(S<n+3,1>)  ) ….  

                                                           
10 Cook briefly presents a different version of the Modal Knower: (S1) = UK(S1) 
where ´UK(x)` should be read as ´x is not knowable`. The reason for using this version is that the proof 
showing that the unwinding of the Modal Knower does not contain fixed points of any sort depends on the 
language failing to contain a primitive negation operator. However, since I will not give an account of 
circularity in terms of the presence of fixed points, negation will be introduced as a primitive symbol.       
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 (S<n+1,1>): (K(S<n+2,1>)  ))  (K(S<n+3,1>)  )  ( K(S<n+4,1>)  )….  

…. 

 

To show the paradoxicality of these constructions Cook suggests that we need 

some additional rules for K11. In particular, he presents following two:  

 

Rule1     Rule2 

…     …  

T(Sm)  T(Sn)     T(Sm)    

…     …  

T(Sm)  K(Sn)    K(Sm)  

…  

K(Sm) 

 

I will use an additional (very well-known and largely controversial) principle to 

show the paradoxicality of the Modal Knower and its unwinding12:  

 

Knowability Principle:  T(Sn)  K(Sn)13  

 

Since Cook´s system is syntactically and proof-theoretically restricted14, we need 

both Rule2 and Rule1. But it can be verified that if the syntax is liberalized and we have 

classical logic (and the Knowability Principle), these rules are interderivable. So from now 

on I will only work with Rule2.  

Another important aspect of the system is that given a particular denotation 

function , it is possible to extend the deductive system by incorporating the following 

two rules:  

-elim   if (Sn), then infer T(Sn) 

-intro  if T(Sn), then infer (Sn) 

                                                           
11 In addition to the usual rules for K and  (Factivity, Necessitation, Distribution, at least). 

   

12 As we will shortly see, adding the Knowability Principle is not necessary, but it makes the derivations 
shorter.  
13 The reader is encouraged to consult Salerno ed. [2009] to see how the Knowability Principle can be used 
to obtain Fitch´s paradox, and what some of the solutions to the paradox are.   
14 The system does not validate the Double Negation inference nor EFSQ, among other things.  
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So the consistency of the system will depend on the behavior of the denotation function 

being used.  

Now that we have all we need, it is easy to obtain a contradiction from the Knower 

and the Modal Knower, to take a couple of cases. For the first, we can proceed as follows: 

 

1)  K(S1)        Assumption 

2)  T(S1)       Factivity for K 

3) K(S1)       -intro 

4)         -intro 

5)  K(S1)       -intro 

6)  T(S1)        -elim 

7)  K(S1)       Necessitation for K  

8)          -intro  

 

For the Modal Knower, we seem to need the new rules: 

    

1)  T(S1)        Assumption 

2)  K(S1)       -intro 

3) K(S1)       Knowability  

4)         -intro 

5)  T(S1)        -intro 

6)  K(S1)       Rule2 

7)  T(S1)        -elim 

8)          -elim  

 

It is also possible to derive a contradiction from their unwindings. For the Modal 

Knower, the proof goes like this15:  

 

1)   T(S<1,1>)       Assumption  

2)   {K(S<n,1>) for every n > 1}    -intro 

3)  K(S<2,1>)      -elim  

4)   K(S<3,1>)        -elim  

                                                           
15 It is also simple to derive an inconsistency from the K-version of the Curry sentence ( (Sn)=K(Sn) ) 
and its unwinding, to take another well-known example.   
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5)  K(S<4,1>)      -elim  

…  ….. 

)   {K(S<n,1>) for every n > 2}    -intro  

+1)  T(S<2,1>)         -elim  

+2)  T(S<1,1>)  T(S<2,1>)     -intro  

+3)   T(S<1,1>)        Assumption  

+4)   {K(S<n,1>) for every n > 1}    -intro   

+5)     K(S<2,1>)      -elim  

+6)     T(S<1,1>)    K(S<2,1>)     -intro  

+7)     K(S<1,1>)      Rule2  

+8)   T(S<2,1>)       Assumption  

+9)   {K(S<n,1>) for every n > 2}    -intro   

+10)  K(S<3,1>)      -elim  

+11)   K(S<4,1>)        -elim  

+12)  K(S<5,1>)      -elim  

…  ….. 

2)   {K(S<n,1>) for every n > 3}    -intro  

2+1)  T(S<3,1>)          -elim  

2+2)  T(S<2,1>)  T(S<3,1>)     -intro  

2+3)   T(S<2,1>)        Assumption  

2+4)   {K(S<n,1>) for every n > 2}    -intro   

2+5)   K(S<3,1>)      -elim  

2+6)  T(S<2,1>)    K(S<3,1>)     -intro  

2+7)    K(S<2,1>)      Rule2 

….   …. 

3+7)  K(S<3,1>)      Rule2 

….  …. 

n+7)  K(S<n,1>)      Rule2 

….  ….  

2)  {K(S<n,1>) for every n > 1}    -intro  

2+1)  T(S<1,1>)        -elim 

 

If there were a predicate for belief in the language (instead of a predicate for 

knowledge) and a couple of rules governing that predicate, we could also prove the 
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paradoxicality of the Modal Believer and related circular sentences. In particular, the 

following two rules would suffice:  

Rule2 for belief: if T(Sm)  , then infer B(Sm).  

Believability Principle: T(Sn)  B(Sn). 

 

4. The collapse 

However, I see a major problem with the deductive system. If Rule2 is 

incorporated to classical logic and the Knowability Principle is accepted, T and K become 

indistinguishable: 

 

1)  T(Sn)        Assumption  

2)   T(Sn)        Assumption 

3)          -intro 

4)   T(Sn)        -intro 

5)    K(Sn)       Rule2 

6)   T(Sn)  K(Sn)      -intro 

7)   K(Sn)  T(Sn)      Classical logic   

 

Since, by the Knowability Principle, T(Sn)  K(Sn), we have T(Sn) if and only if 

K(Sn). So there is a collapse between truth and knowability. And this means that K(Sn) 

is just the liar sentence and that K(Sn)   is just Curry´s sentence. So it turns out that 

the system is just capturing the paradoxicality of the same old semantic paradoxes and 

their unwindings.    

Of course, there is no collapse in Cook´s system because it is syntactically and 

proof-theoretically restricted. But since my aim here is to consider an infinitary language 

powerful enough to carry out the strong version of the purge, the proof of the collapse 

becomes relevant and something must be done with it.    

What to do? A possible attitude is to say “so what? An anti-realist16 would be 

happy with that result”. But remember that the same holds for T and B. The proof above 

does not use the fact that knowledge is factive or any other features regarding which 

                                                           
16 Anti-realists usually have an epistemic conception of truth and possibility. This means that the collapse of 
truth and knowability is not a problem but a substantive principle of their philosophical position.  
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belief and knowledge diverge. The anti-realist would not accept that if something is 

believable, it is true.  

Maybe the anti-realist could reply that while Rule2 is sound for K, it is not sound 

for B. But it is hard to see any reasons for rejecting the latter that would not lead to the 

rejection of the former. As a matter of fact, the relation between Rule2 for K and Rule2 for 

B is exactly analogous to that between the Knowability Principle and the Believability 

Principle. While it is true that the falsity of the former does not logically imply the falsity 

of the latter (it is logically consistent for something to be believable without being 

knowable), most arguments against the former can be easily transformed in arguments 

against the latter. I will give three examples.  

First, the existence of blindspots for knowledge that puts in motion the 

Knowability Paradox (  K) can be easily transformed into the existence of 

(Moorean) blindspots for belief17. Second, the argument that appeals to the complexity of 

the proofs, that is, to the idea that some truths cannot be known because their proofs are 

too long or too complex for any agent to follow them, can be transformed into an 

argument that uses the length or complexity of the sentences. The point now is that some 

truths cannot be believed because the sentences that express them are too long or too 

complex for any agent to understand and hence to believe. Third, if we consider the 

argument that states that some truths are not known because there is an uncountable 

number of truths and only a countable number of agents capable of knowing only a finite 

number of truths, it is easy to see that it immediately transfers to believe. Of course, these 

arguments are controversial. But my only point here is that most arguments against the 

Knowability Principle can be easily used against the Believability Principle. And similarly, 

if we have reasons to reject Rule2 for belief, those reasons are probably going to count 

against Rule2 for knowledge too.       

Another possible response is to leave the new rules untouched but to point out that 

anti-realists usually reject classical logic and favor some sort of intuitionistic logic. This is 

relevant because in the proof of the collapse reaching 7) from 6) requires Double Negation 

or some equivalent rule. Unfortunately, since the proof also works for the belief predicate, 

                                                           
17 See, for example, Linsky [2009].  
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the claim made in 6) (“if something is not true then it is not believable”) is already deeply 

problematic. Surely the anti-realist accepts that agents can believe false statements.        

 

5. A different way to purge 

The previous result does not imply that that there is no other way in which the 

purge of self-reference could be carried out. In particular, it is not difficult to see that if 

some reasonable principles concerning  and K are accepted, the paradoxicality of several 

(all?) modal-epistemic paradoxes and their unwindings is provable without resorting to 

Rule2 or the Knowability Principle. The same holds for the modal paradoxes concerning 

belief and for the usual paradoxes involving just one modality, such as the Knower.   

The following is a simple proof of the paradoxicality of the Modal Knower in 

which these rules are not used:  

 

1)   K(S1)       Assumption 

2)   T(S1)       Factivity (K)  

3)   K(S1)       -intro 

4)   K(S1)        =df  

5)   K(S1)        Factivity () 

6)          -intro  

7)   K(S1)        -intro 

8)   K(S1)         Necessitation () 

9)  K(S1)        =df  

10)   T(S1)       -elim 

11)   K(S1)       Necessitation (K)18  

12)          -intro 

 

Next we show that if the modal logic for K is S4 (i.e. if the KK-Principle is 

accepted), then the paradoxicality of the unwinding of the Modal Knower is provable as 

well:  

 

1)   K(S<1,1>)       Assumption  

                                                           
18 I am assuming here that the following equivalence holds: K(T(Sn))  K(Sn). If the reader is unhappy with 

this equivalence, she can take the Modal Knower to be the sentence: (Sn)= K(T(Sn)).   
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2)   T(S<1,1>)       Factivity (K) 

3)   {K(S<n,1>) for every n > 1}    -intro 

4)  K(S<2,1>)      -elim  

5)   K(S<3,1>)        -elim  

6)  K(S<4,1>)      -elim  

…  ….. 

)   {K(S<n,1>) for every n > 2}    -intro  

+1)  T(S<2,1>)         -elim  

+2)  K(S<1,1>)  T(S<2,1>)     -intro 

+3)   K (K(S<1,1>)  T(S<2,1>) )     Necessitation (K)  

+4)   K(K(S<1,1>))  K(S<2,1>)       Distribution of K over   

+4)   K(S<1,1>)  K(S<2,1>)     KK-Principle 

+5)  K(S<1,1>)  K(S<2,1>)     -intro      

+6)     K(S<1,1>)       Assumption  

+7)     T(S<1,1>)       Factivity (K) 

+8)     {K(S<n,1>) for every n > 1}    -intro 

+9)   K(S<2,1>)      -elim  

+10)   K(S<1,1>)  K(S<2,1>)     -intro 

+11)  K(S<1,1>)      -intro 

+12)  K(S<1,1>)      Necessitation ()  

+13)  K(S<1,1>)       =df  

….  …. 

2+13)  K(S<2,1>)       =df  

….  …. 

3+13)  K(S<3,1>)       =df  

….  …. 

n+13)  K(S<n,1>)       =df  

….  ….  

2)  {K(S<n,1>) for every n > 1}    -intro  

2+1)  T(S<1,1>)        -elim   

2+2)  K(S<1,1>)       Necessitation (K)  

2+3)  K(S<1,1>)      -intro  

2+4)         -intro  
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There are analogous proofs for other modal, epistemic, and modal-epistemic 

paradoxes (and their unwindings), such as the K-version of Curry´s sentence and the 

Modal Believer19.  

 

6. Circularity and similarity 

If Sorensen´s idea is to be fully vindicated by means of this strategy, some 

conditions must be set up on what counts as an adequate unwinding. A very reasonable 

demand is that the unwinding should have the same semantic status as the construction 

being unwinded. This is what Cook dubs the “Covariation criterion”. Informally, we are 

demanding that a construction C should be semantically similar to its unwinding. This 

requires, at least, that a construction C be paradoxical/non-paradoxical if and only if its 

unwinding is paradoxical/non-paradoxical. Notice that, for instance, the unwinding 

provided above for the Modal Knower should respect this condition. If there is a 

derivation of a contradiction from the Modal Knower, there should be a derivation of a 

contradiction from its unwinding.  

I believe that a lot of work has to be done in order to carry out this task: we need 

to come up with an adequate interpretation for an infinitary language that treats 

Knowledge (or Belief) as a predicate, and show that under that way of interpreting the 

language every construction is semantically similar (in a relevant way) to its unwinding. 

This is not to say that the project is not viable, I am just pointing out what remains to be 

done if the strong version of Sorensen´s is to be vindicated.    

A second reasonable demand is that no sentence in the unwinding should be 

circular. We could call this demand the “Failure of Circularity Criterion”. As I already 

mentioned, there are several ways to flesh this out. If circularity is to be coded as being a 

fixed point (of some sort), then the idea is that no sentence in the unwinding should be a 

fixed point (of that sort). If circularity is explained in some other way, then the criterion 

must be characterized differently.  

I agree with Leitgeb [2002] in that we do not have (at this moment) a fully 

satisfactory alternative account of semantic circularity. There are some definitions 

                                                           
19 Interestingly, the derivation of the Modal Believer requires the Principle of Disbelief: B(B(Sn))  

B(Sn). (Or at least I have not been able to find a proof of its paradoxicality without resorting to it).  
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available in the market20, but unfortunately, none of them apply (at least not immediately) 

to infinitary languages. Be that as it may, it is important to notice that I need something 

slightly weaker than a definition. It would be enough to provide a sufficient condition for 

non-circularity (or a necessary condition for circularity) and to show that the infinitary 

unwindings always satisfy that condition. As I have already stressed, this is not a simple 

task, so it seems wise to leave the issue for another occasion21.       
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